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Abstract. Let X C M n be a real algebraic set. We show that all continuous 
maps M — > X, with M a smooth, closed manifold, are homotopic (in X) 
to C°° maps. We apply this result to study characteristic classes of vector 
bundles associated to continuous families of complex group representations. 
This leads to an explanation for certain phenomena in deformation it -theory, 
and has applications to spaces of flat connections over aspherical manifolds. 



1. Introduction 

In the early 1960's, Atiyah [2] introduced a map from the representation ring 
R[T) of a finite group T to the if -theory of classifying space BT, and proved that 
this map induces an isomorphism of rings 

(1) R[T}$ — > K*(BT), 

where i?[r]j is the completion of R[T] at the augmentation ideal. This result was 
extended to connected, compact Lie groups by Atiyah and Hirzebruch [4], and to 
arbitrary compact Lie groups by Atiyah and Segal [5]. The map (1), commonly 
known as the Atiyah-Segal map, is built by associating to each finite-dimensional 
representation p: T — > GL„(C) the vector bundle E p — > BT defined by the mixing 
construction: 

E p = (ET x C n )/r — > BT, 

where T acts diagonally. 

In this article, we shift attention from compact Lie groups to infinite discrete 
groups. In this situation, the pullback of E p along any map 

/: M->BT, 

with M a smooth manifold, admits a flat connection. Using Chern-Weil theory, 
one can then show that the Chern classes 

c n (E p )eH 2n (BT;Z) 

vanish rationally, severely restricting the class of vector bundles over BT that are 
of the form E p . 

When BT is a finite CW complex, the Bott periodicity isomorphism 

K°(BT) = K- 2m (BT) = K°(S 2m A BT) 

allows us to view classes in K°(BT) in terms of vector bundles over suspensions of 
BT. Spherical families of representations 

p: S m ->Hom(r,GL„(C)) 
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(based at the trivial representation) give rise to vector bundles E p — » S m A BT. 
One can now ask which K-theory classes can be realized by such families of rep- 
resentations. In Section 4, we consider a natural extension of the Atiyah-Segal 
map to such families. We define groups K™ P (T) and KU™ P (T) (m J? 0) consisting 
of spherical families of complex (or unitary) representations of T, and construct a 
homomorphism, the topological Atiyah-Segal map, 

(2) a m : K cp (T) — > K-*(BT) 

analogous to the classical Atiyah-Segal map. We note that this map is closely 
related to the Novikov Conjecture on the homotopy invariance of higher signatures, 
which is implied by rational injectivity of the analytical assembly map 

(3) K4BT) ^ Iu(C*(T)) 

from the if-homology of BT to the if-theory of the maximal C*-algebra of T. If 
BY is homotopy equivalent to a finite CW complex and a m is rationally surjective 
for m >> 0, then it follows from Ramras-Willett-Yu [34, Lemma 3.15 and Corollary 
4.3] that the map (3) is rationally injective. 

In this article, we show that (the unitary version of) the topological Atiyah-Segal 
map is an isomorphism when: 

• r is a finitely generated free group and m ^ 0; 

• r is the fundamental group of a compact, aspherical, non-orientable surface 
and m 0; 

• r is the fundamental group of a compact, aspherical, orientable surface and 
m > 0. 

The zero-dimensional failure in the third case reflects the fact that the Chern classes 
of flat bundles are torsion, whereas the first Chern class of a bundle E over an 
orientable surface M 9 can be any element of H 2 (M 9 ;Z) = Z. 

Work of the second author indicates that this failure should creep up in dimension 
as the dimension of the manifold increases. We prove in Theorem 4.15 that if V 
is finitely generated, the group K™ P (T) (respectively, KU™ P (T)) is isomorphic to 
Carlsson's (unitary) deformation if-theory group ir m K (T) (m ^ 0), as defined 
in [23] or [30]. (This endows 0^ KUl° p (T) with a multiplicative structure; see 
Remark 4.19.) It was proven in Ramras [33, Section 6] that if T is a product of 
surface groups, then the deformation if-theory groups -K m K dei {T) = KU™ P (T) 
agree with topological i-T-theory in dimensions greater than Qcd(T) — 2 (but not 
in lower dimensions), where Qcd denotes the rational cohomological dimension. 

The main results of this paper offer a cohomological explanation of the low- 
dimensional failure, again relying on Chern- Weil theory. More generally, we study 
the characteristic classes of bundles formed from continuous families of complex 
representations. We establish the following result. 

Theorem 1.1 (Section 3). Let T be a finitely generated discrete group. For 
any space X and any map p: X — > Hom(r, GL„(C)) ; the Chern classes Ci(E p ) G 
H 2i (X x BY; Z) map to zero in H 2l {X x BT; Q) for i > Qcd(X). 

Specializing to the case X = S m , we find that the topological Atiyah-Segal map 
(2) cannot be surjective in low dimensions. 

Theorem 1.2 (Section 4.3). Let T be a discrete group such that BT has the 
homotopy type of a finite CW complex. Then the topological Atiyah-Segal map a m 
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satisfies 

oo 

Rank(coker(a m )) > ^/3 m +2i(T), 
i=i 

where (3j(T) = Rank.£P (r;Q) denotes the jth Betti number. In particular, this 
map fails to be surjective when m Qcd(T) — 2. 

This is proven in Theorem 4.13, along with an analogue for the map 

B: Hom(r,GL(C)) — ► Map*(-BI\ BGL(C)) 

sending a representation p to the map Bp: B-K\M — > _BGL(C) between (the sim- 
plicial models for) the classifying spaces of these groups. 

Corollary 1.2 is closely analogous to the low-dimensional failure of the Quillen- 
Lichtcnbaum conjectures, as proven by Rost and Voevodsky [38] and (at the prime 
2) Ostvaer and Roscnschon [35]. These conjectures relate the (mod p) K-theory of 
a field F (or more generally, a scheme) to its (mod p) etale K-theory, in dimen- 
sions greater than the (virtual) etale cohomological dimension of F, minus 2. This 
analogy is made somewhat more concrete by conjectures of Carlsson [7] relating 
algebraic K -theory of fields to representations of the absolute Galois group. (We 
also note that Carlsson has proposed an analogue of the Atiyah-Segal map in this 
algebraic context [6].) 

We now offer a sketch of the proofs of our main results. Assume that BY is 
(homotopy equivalent to) a smooth, closed manifold M, and consider a family of 
representations p: S m —5- Hom(r, GL„(C)). If for each 7 S T the map p 1 (z) = 
P( z )(l) is a smooth map S m — > GL n (C), then E p is a smooth bundle and admits 
a connection that is flat in the M direction. Applying Chern-Weil theory to this 
connection leads to Theorem 1.1, and Theorem 1.2 follows by considering the Chern 
character. To apply these ideas to arbitrary families of representations, we establish 
the following general result about maps into (possibly singular) real algebraic sets, 
which should be of independent interest. 

Theorem 1.3 (Section 2). Let X C M. n be a real algebraic set, and let f : M — > X 

be a continuous map from a smooth, closed manifold M . Then there exists a map 
g: M — > X, and a homotopy H : M x / — > X connecting f and g, such that the 
composite M4l4 E' 1 is C°° . 

The problem of smoothing maps into real algebraic sets seems like a natural one, 
so we were surprised that we could not find any mention of it in the literature. We 
consulted several experts in real algebraic geometry, and some expected our result 
to be true, while others expected it to be false. 

Our proof proceeds by embedding X as the singular set of an irreducible, quasi- 
projective variety Y and using Hironaka's resolution of singularities theorem to find 
an algebraic map Y ~ > Y for which the inverse image of A is a divisor with normal 
crossing singularities. Using basic facts about neighborhoods of algebraic sets, this 
reduces the problem to the case of normal crossing divisors, which can be handled 
by differential-geometric means. We note that there is also a version of this result 
for smoothing out maps from non-compact manifolds into compact algebraic sets. 

We apply our results to give information about fiberwise flat families of bundles 
over surfaces (Proposition 3.8) and to study the space of flat, unitary connections 
on bundles over compact, aspherical manifolds. For such a bundle E —> M, we 
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prove in Section 5 that 

(4) A &at (E) ~ hofib^ (Wn^A/, U(n)) -A Map(S 7 r 1 M, BU{n))^j , 

and Corollary 1.2 then yields cohomological lower bounds on the ranks of the ho- 
motopy groups ir :t Afi a ,t(E). In particular, Aa a t{E) has infinitely many connected 
components if H 3 (M;Q) an d Rank(i?) is sufficiently large. This result ap- 
pears to be new even in the case where M is the 3-torus, and is in contrast with 
2-dimcnsional Yang-Mills theory, which shows that Aa a t(E) is highly connected 
when E is a fiat bundle over a surface (see Ramras [31, Proposition 4.9], for in- 
stance). 

Organization: In Section 2, we establish our results about maps into real algebraic 
sets, which are applied to study the characteristic classes of flat bundles in Section 3. 
The topological Atiyah-Segal map is considered in Section 4, and spaces of flat 
connections are studied in Section 5. 

Acknowledgements The first author thanks Juan Souto and Frances Kirwan 
for helpful conversations. The second author thanks Ben Wieland, Rufus Willctt, 
and Guoliang Yu for helpful conversations. The groups Kl ep (T) considered in this 
paper, and the topological Atiyah-Segal map, first arose in conversations of the 
second author with Willctt and Yu. In addition, the suggestions of an anonymous 
referee helped to improve the exposition. 

2. Smoothing maps into real algebraic sets 

The goal of this section is to prove the following result. 

Theorem 2.1. Let i : X <^-> IR" be a real algebraic set and let M be a smooth 
manifold. Assume that either X or M is compact. Then for every continuous map 
(j) : M — > X there exists a map 4>' : M — > X homotopic to </> such that i o <fi' is 
smooth. 1 

The following example helps illustrate the subtlety of Theorem 2.1. Consider 
the subspace Icl 2 defined as the union of the graph 

{(x,y) | y = a;sin(l/x), — 1/tt < x < 1/tt} 

with the polygonal path traveling from (—1/tt, 0) to (—1/tt, 1) to 1) to (1/7T, 0). 
The subspace X is homeomorphic to S , so tt\(X) = Z. However, the non-trivial 
elements of tti(X) cannot be represented by smooth maps cf> : S 1 — > X because 
the curve xsin(l/x) has infinite arc length. Note, moreover, that just as with the 
real algebraic sets considered in Theorem 2.1, it is possible to triangulate M. 2 with 
A as a subcomplcx. This follows from the Shoenflies Theorem (see, for instance, 
Moisc [28, Chapter 10, Theorem 4]) but can in fact be done quite explicitly. 

We now turn to the proof of Theorem 2.1. We will assume that M is compact, 
which is the only case needed later in the paper; the argument is similar when X 
is compact but M is not. 



We use Euclidean topology throughout, except that "irreducible algebraic set" means irre- 
ducible in the Zariski topology. We will identify all real algebraic sets with their real points 
throughout this section. 
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Lemma 2.2. Let X C K" be a real algebraic set. There exists an irreducible real 
algebraic set Y C R™ +2 such that Y is homeomorphic to R™ +1 and the projection 
map ir : R™ +2 = R™ ® R 2 — > R" restricts to a homeomorphism 

7T : Sing{Y) A- X. 

Proof. We may suppose that X is equal to the zero set of a single polynomial 
p = p(xi, . . . , x n ), that is: 

X = Z{p). 

Introduce new variables y\,y% &nd consider the polynomial g(x,y) = p(x) 2 + 
y\ + y\. Define 

Y = Z(g). 

It is not hard to verify that the corresponding inclusion R™ ^ R"+ 2 identifies 
X bijectively with the singular locus of Y, so the projection onto R n identifies 
Sing{Y) = X. 

Now observe that for any choice of real values for x\ , . . . , x n , y\ , there is a unique 
choice of yi solving g(x, y) = 0, namely y2 = (g(x, y) — p{x) 2 — y 2 ) 1 ' 3 - Hence Y is 
homeomorphic to R™+ . Furthermore, the polynomial g{x,y) is irreducible, since 
its reduction y\ + y\ is irreducible (see, for example, Dummit and Foote [8, Section 
9.1]). □ 

In particular, a map into X is smooth as a map into R™ if and only if the 
corresponding map into Sing(Y) is smooth as a map into R n+2 . We identify X 
with Sing(Y) in what follows. The following version of Hironaka's resolution of 
singularities theorem appears in Kollar [22, Theorem 3.27]. 

Theorem 2.3. Given a quasiprojective real algebraic variety Y C R™ +2 with sin- 
gular set X , there exists a nonsingular real algebraic variety Y and a birational and 
projective morphism 

U:Y ^Y 

which restricts to an isomorphism over Y — X and for which X := Il^ 1 (X) is a 
divisor with simple normal crossings. 

Morphism here means regular map, which in particular means that II is smooth 
as a map Y — > R n+2 . The statement that II is projective implies that it is proper 
in the Euclidean topology (this is well known over C and follows over R by taking 
fixed points of complex conjugation). The simple normal crossing condition (plus 
properness) implies that X is a finite union of embedded, boundary-free, connected 
submanifolds of codimension 1, intersecting transversely. 

Lemma 2.4. Let notation be as in Theorem 2.3, and let M be a finite simplicial 
complex. Then for every continuous map f : M —> X , there exists a continuous 
map g : M — > X for which Ho g is homotopic to f. 

Proof. Because M is compact, the image f(M) C X C Y C R" +2 is also compact. 
Choose a sufficiently large closed ball B C R"+ 2 so that f(M) C B n X. Then 
B n X is a compact semi- algebraic subset of R n+2 , so by Durfee [9] there exists 
an open U D B n X for which inclusion is a homotopy equivalence. Furthermore, 
n _1 (i? n X) is a compact, semi-algebraic subset of the non-singular variety Y so 
using the method of rug functions from [9], U may be chosen so that II~ 1 (J7) 
deformation retracts to II _1 (_B fll). We are left with a commuting diagram 
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(5) u-^xnB) — ^n- x (f/) 



xnB 

where the horizontal arrows arc homotopy equivalences and the vertical maps are 
restrictions of IT. 2 Since f(M) C X n B is compact, for a sufficiently small e > 0, 
/ is homotopic as a map into U to 

f e :M^U, / e (m) = (/(m), e 3 ,- e 2 ). 

In fact, since / e (M) C Y\X and II restricts to homeomorphism Y\X = Y\X, there 
exists a unique map g e : M — > II -1 (C) with II o g e = / e . Because the horizontal 
arrows of (5) are homotopy equivalences, this implies the existence of g. □ 

Tracing through the reasoning here: Given an arbitrary real, affine set X and a 
continuous map / : M — > X we may lift to a map g : M — > X such that IT o g is 
homotopic to / (in X). If g can be deformed inside X to a smooth map h, then ITo/i 
is smooth and homotopic to /. Thus to prove Theorem 2.1 it suffices to prove the 
special case that X is a simple normal crossing divisor. In terms of the underlying 
smooth manifolds, we may restrict to the case that Y is a smooth manifold without 
boundary and X C Y is a finite union 

A r 

X = (J A/, 

i=l 

where each Mj is an embedded, connected manifold (without boundary) of codi- 
mension one in Y, and Y may be covered by coordinate neighbourhoods whose 
intersection with X is a union of coordinate hyperplanes. 

Lemma 2.5. Let Y be a non-singular irreducible real algebraic set and let X C Y 
be a simple normal crossing divisor as above. For each i € 1, . . . , N, let 

TTi : Ui -> Mi 

be the (one-dimensional) normal bundle of Mi in Y. Then there exists a smooth 
tubular neighbourhood map 

4>i Wi^Y 

such that for all j =/= i, we have 4>i(n) G Mj <f)i(iXi(nj) £ Mj. 

Proof. Consider first the situation where the normal bundle Vi is trivial, so that 
vi = Mi x R. Choose an integrablc, smooth vector field V £ %(Y), which is 
transverse to Mi but is tangent to Mj for all j ^ i. Because U" =1 M, looks locally 
like a union of coordinate hyperplanes, such a V is easily constructed by gluing 
together locally defined vector fields using a partition of unity. Then V integrates 
a one-parameter group of diffeomorphisms $:fxl->y preserving Mj for j ^ i. 
The restriction ^l^/ixK : Mi X R — > Y sends Mj x {0} diffeomorphically onto Mj 
and is regular along Mj x {0} because V is transverse to Mj. By a version of the 
inverse function theorem (Guillemin-Pollack [17, 1.8 Exercise 14]), $|m 4 xR restricts 
to a diffeomorphism between a tubular neighbourhood of Mj x {0} in Mj x R and 



One may establish the existence of such a diagram using the theory of regular neighborhoods, 
as presented in Hudson-Zeeman [21], instead of the theory of rug functions. 
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a tubular neighbourhood of Mi in Y. Identifying Vi with a tubular neighbourhood 
in Mi x R completes the argument. 

Now consider the case that Vi is non-orientable. Let p : Mi — > Mi be a double 
covering map such that the pullback p*Vi is trivial ( Mi may be taken to be the 
unit sphere bundle in Vi for some metric on vi). Let Mi C U be an open tubular 
neighbourhood of Mi in Y. Taking the corresponding cover of U , we may form the 
commutative diagram 

M *U 

P Pu 

M l 

where p and pu are two-fold coverings with deck transformation r, and the hori- 
zontal maps are r-equivariant embeddings for which Mi has trivial normal bundle. 
The preimage p~^ J 1 {X n U) is a normal crossing divisor in U containing Mj. 

As before, choose a smooth vector field V <E X(U) which is transverse to Mi 
and tangent to p~} 1 (M 3 ) for j ^ i. Replacing V by ^(V — t*(V)), we may assume 
that t*(V) = — V. Proceeding as before, we obtain a r-equivariant submersion 
(f>i : p*Vi — > U. This descends to a tubular neighbourhood map 

(p*i/<)/T C/ C y 
satisfying the requirements of the theorem. 

□ 

of Theorem 2.1. It suffices to consider the case of that X = U-=! Mi is a simple 
normal crossing divisor in a non-singular, irreducible real algebraic set Y. The proof 
proceeds by constructing an open (weak) deformation retraction neighbourhood U 
of X such that the retraction r : U — > X is smooth as a map to Y. Since any 
continuous map / : M — > X is homotopic to a smooth map /' : M — > U, the 
composition r o /' is smooth and homotopic to /. 

Choose a tubular neighbourhood ^ : i/j — >• Y for each Mj as in Lemma 2.5 and 
choose a smooth inner product on Vi. Define the map hi : Vi — > ^ by (m, v) — > 
(m, s(|w| 2 )u) where s : M — > M. is a smooth map such that s(x) = for \x\ < 1 and 
s(x) = 1 for \x\ > 2. Extending ^ o ^ o ^i" 1 by the identity map determines a 
smooth map 

HnY^Y 

such that 

• Hi(Ui) = Mi for some open neighbourhood Ui of Mj, 

• ffi(X) C X, and 

• is homotopic to the identity on X. 

The composition H\o ■ ■ • o sends the open neighbourhood 

N 

V=\J(H i+1 o...oH N )- 1 (U i ) 

i=l 



to X. Taking any (possibly smaller) neighbourhood X C U C V such that f 
deformation retracts to X completes the proof. □ 
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3. Characteristic classes of flat families 

Let r be a discrete group, and let Hom(r, GL„(C)) denote the space of all 
n-dimensional representations of Y. We give this space the subspace topology 
inherited from product topology on the function space (GL„(C)) r , so there is a 
continuous evaluation map 

Hom(r,GL„(C)) xTA GL„(C). 

If S C r is a generating set, then there is a canonical homeomorphism from 
Hom(r, GL ra (C)) to its image under the restriction map 

R s : (GL„(C)) r -> (GL„(C)) S . 

If = s < oo, then the image of Rs is a real algebraic subset of (GL n (C)) s , which 
is itself a real algebraic subset of M 4n s via the homeomorphism 

GL„(C) {(A, B) £ (M„(C)) 2 | AB = /„} C C 2 " 2 C M 4 ™'. 

A continuous map p: X —> Hom(r, GL„(C)) will be called an X- family of repre- 
sentations (or simply an X-family), and we write p x = p(x) for the representation 
of r associated to x 6 X. If X is a smooth manifold, we say that an X-family p is 
smooth if the composite 

(6) X -A Hom(r, GL„(C)) ^ (GL„(C)) S C R 4|s|2 

is smooth for some finite generating set S. Note that by Theorem 2.1, every X- 
family p is nomotopic (through X-families of representations) to a smooth X— 
family. 

Given a based CW complex (N,no), let N denote the universal cover of N. 
Specifically, we view N as the set (appropriately topologizcd) of based homotopy 
classes (I) of paths I: [0, 1] — > N with 1(1) = no (note that the opposite convention 
is commonly used, e.g. in Hatcher [18, Section 1.3]). The constant path at no will 
be denoted no, and the projection 

q: (TV, n ) -> (N,no) 

given by evaluation at is a right principal (tti(N, no))-bundle, with right action 
given by (I) ■ (a) = (Ida) for any loop a based at no (here iDa denotes the con- 
catenated loop tracing out I first and then a). 

We can now build a right principal GL„ (C)-bundlc 

E P (N) — (X x N x GL n (C))/7ri(iV,no) X x N 

where 7 S wi(N, no) acts by (x,n,A) ■ 7 = (x,n ■ 7, p x ('j)~ 1 A), and the projection 
map is simply ir([x, n, A]) = (x, q(n)). If X and N are smooth manifolds and p is a 
smooth X-family, then this action of 7ri (N, no) is smooth, properly discontinuous, 
and GL„(C)-equivariant, so the orbit space E P (N) inherits (in a canonical fashion) 
the structure of a smooth principal GL„(C)-bundle over (X x N)/tti(N,71o) = 
X x N. 

If r is a discrete group, we set E p := E p (BT), where BY is the simplicial model 
for the classifying space of T (i.e. BT is the geometric realization of Y viewed as 
a category with one object). Let EY — > BY denote the simplicial model for the 
universal principal T-bundle. We use the conventions described in Ramras [30, 
Section 2], so that this is a right principal T-bundle. Universality of EY yields a 
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T-equivariant homeomorphism BT — > ET (covering the identity on BT). Hence we 
have an isomorphism of principal L r (n)-bundles over BT: 

E p = (X x BT x GL„(C))/r = (X x ET x GL„(C))/T. 

This alternate description of E p will be useful due to its relationship with the 
(simplicial) universal principal GL„(C)-bundle EGL n (C) — > 7>GL„(C). 
We now record some basic properties of these constructions. 

Lemma 3.1. Let (N,na) and (N',n' ) be based, connected CW complexes. 

(1) Given a family 

p: *->-Hbm(7ri(tf 1 no),GL n (C)) I 

and maps (N',n' ) A (AT, n ) and X' 4 X, there is an isomorphism 

(fxg)*(E p (N))^E g#opof (N') 
of principal GL„(C)- bundles over X' x TV', where 

g#: Hom(7r 1 (JV,n ),GL„(C)) ^Hom(7r 1 (JV' ! <) ! GL„(C)) 

is the map induced by composition with g* : ni{N' ,n'§) — > 7Ti(7V, no). 

(2) If p and p' are homotopic X-families of representations, then 

E p (N)^E p ,(N). 
Proof. Part (1) follows from the fact that / induces a map 

/: (N,n )^(N>,ri ), 
defined by /((/)) = (/ ° I), and / is equivariant in the sense that 

/(n- 7 )= (/(n)) -Ml) 

for each n £ N and each 7 £ 7Ti(N, no). 

Part (2) follows from the Bundle Homotopy Theorem, because if 

H : X x I -> Hom(r, GL„(C)) 

is a homotopy from p to p', then 

E H (N) -+ X x 7 x N 

is a bundle homotopy between E P (N) and E p i(N). □ 

Definition 3.2. 7/ X and M are smooth manifolds and E X x M is a smooth 
principal GL„(C) -bundle, we say that a connection on E is fiberwise flat if its 
restriction to each slice {x} x M is a flat connection (x £ X). We define fiberwise 
flat connections for families of U (n) -bundles in the analogous manner. (Although 
the roles of X and M are interchangeable here, we think of X as a parameter space 
and E as a family of bundles over M , parametrized by X .) 

Lemma 3.3. If X and M are smooth manifolds and 

p: X->Hom(7ri(Af,mo),GL n (C) 

is a smooth family of representations, then the bundle E p (M) admits a fiberwise 
flat connection whose holonomy over {x} x M (computed at [x,mo,7] £ E p (M)) is 
precisely p(x). The analogous result holds in the unitary case. 
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Proof. In the Ehrcsmann formulation, a connection on a GL„(C)-bundle P is a 
GL„ (C)-invariant splitting TP = V + H into a sum of smooth subbundles, where 
V is the vertical bundle tangent to the fibers of P and H is called the horizontal 
bundle. 

Let E = X x M x GL„(C), and let D C TE be the smooth subbundle of tangents 
to the submanifolds {x} x M x {A} for all fixed (x,A) e X x GL n (C). Then 
D is invariant under both GL„(C) and T, so it descends to a smooth, GL„(C)- 
equivariant subbundle D C TE p (M), which intersects the vertical bundle V C 
TEp(M) trivially. The total space of the principal GL„(C)-bundle E P (M) admits 
a GL„ (C)-invariant Riemannian metric 3 , and relative to this metric, we define an 
Ehresmann connection 

H := D + (D + V) 1 - 

on E p {M). The restriction of if to a slice {x} x M C X x M is a flat connection 
on E p f^ , and we must show that the holonomy of this connection (computed at 
[x,mo,I] <G E p ua{M)) is precisely p(x). To check this, note that for any loop 
a: ([0, 1], {0, 1}) — > (Af,m ), the horizontal lift of a to E p (M) is simply 

t I— » [x, a(t), I], 

where a is the unique lift of a to M satisfying 5(0) = hq. We now have 

' P»(t) = [^,5(1),/] ■ p x (7) = [x,n -7,^(7)] = [«o,-f] 

as desired. (The second equality relies on the choice made in defining M .) □ 

We will also need the following basic result regarding cohomology in character- 
istic zero. 

Lemma 3.4. Let Y be a topological space. Then there exists a set of smooth, closed 
manifolds {Mk}kEK, and a map f : M := ]T fc M k — > Y such that 



f* : H j (F;Q) -> H j (M; Q) <* J] H j (M k 



k 

is infective for all j . IfQcd(Y) = m, then the Mk can be chosen to have dimension 
at most m. 

Proof. Choose a basis {xk}k for H*(Y; Q) = 0_ 7 > o Hj(Y; Q) as an Q-vector space. 
By Thorn's theorem [37] (see also Gaifullin [12] and [13]) for each k there ex- 
ists a closed, smooth, orientable manifold M k and a map /: Mk — > Y such that 
/*([A/fc]) = ^fc, where [M^] denotes the fundamental class. Note that if Qcd(Y) — 
m, then dim(Mfc) ^ m. The Universal Coefficient Theorems for cohomology yields 
commutative diagrams 



H J (Y] Q) = ^ Hom Q (^(y 



n fe (/«.)* 



n h (/fc) 



Uk (M k ; Q) — n fc Hom Q ( J ff J (M k 



J To construct such a metric on a principal G-bundle P over a manifold N, where G is a Lie 
group, note that if P is trivial over U C N then T(P\ V ) S T(U) X T e (G) X G, and any choice 
of metric on the bundle T(U) ® (T e (G) X U) gives rise, under the translation action of G. to 
a G-invariant inner product on T(P\u). These inner products can be pasted together using a 
partition of unity on TV. 
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where (fk)* denotes the Q-linear dual of (fk)*- Since Ylf-(fk)* is injective, so 

is life (/*;)*■ The map M — - — !► Y agrees with llfc(/fc)* under the isomorphism 
W (M;Q) = life & (M k ; Q) , completing the proof. □ 

We now come to the main result of this section. This result extends a result of 
Grothendieck [16, Corollaire 7.2], which corresponds to the case X = {*}. We will 
say that a space Y has finite type if Hj(Y; Z) is finitely generated for each j ^ 0. 

Theorem 3.5. Let Z be a path connected topological space and let 

p: X^Hom( 7 r 1 (Z,z ),GL„(C)) 

be a family of representations parametrized by a space X with <Qcd(X) = m. Assume 
that either X or Z has finite type. Then for i > 0, the Chern classes 

c m+l (E p (Z)) e H 2m+2l (X x Z;Z) 

map to zero in H 2m+2l (X X Z;Q). 

In particular, if T is a finitely generated discrete group, then for any space X 
with Qcd(X) = m and any map p: X — > Hom(r, GL„(C)), the Chern classes 
c m +i{E p ) e H 2m+2l {X x BF;Z) (with i > 0) map to zero in H 2m+2i (X x BT;Q). 

Proof. In the proof, H*(—) will denote rational cohomology. By abuse of notation, 
we denote the images of Chern classes in de Rham cohomology by Cj(— ). 

Wc begin by reducing to the case in which X and Z are closed, connected, smooth 
manifolds. By Lemma 3.4, there exist families of smooth, closed manifolds {M k } k 

and {Nj}j (with dim(Mfe) ^ m for each k), and maps Mk — ^> X and Nj Z 
such that / = H fe fk and g — ]J ■ gj induce injections on H*(—). By the Kiinneth 
Theorem for cohomology (Spanier [36, Theorem 5.6.1]), the map 

H* {X x Z) Uk - UkXg ^ ) H * I ]J Mh x N . | £* Y[ H*(M k x Nj) 

is injective also. Hence to show that a class in x £ H*(X x Z) is zero, it suffices 
to show that (fk x gj)*(x) = for all k,j. Since Z is path connected and the N 
are smooth manifolds, we may assume that zq is in the image of gj for each j (by 
replacing gj with a homotopic map if necessary) . 
By part (1) of Lemma 3.1, we have 

(fk x 9 jf(c m+i (E p (Z))) = c m+l (E gfopofk (N,)). 

Assuming the theorem for the connected, closed, smooth manifolds Nj and Mk, 
we see that (fk x gj)* (c m+i (E p (Z))) = for each i > and each j,k (note that 
dim(Mfc) ^ m so Qcd(Mk) ^ m). Hence we conclude that c m +i(E p (Z)) = in 
H*(X x Z;Q), as desired. 

Now wc consider the case in which Z and X are closed, connected, smooth 
manifolds. Let L = tti(Z,zq), and note that T is finitely generated. Hence 
Hom(L, GL„(C)) is a real algebraic subset of M 1 for some I. By Theorem 2.1 and 
part (2) of Lemma 3.1, we may assume without loss of generality that p is a smooth 
family. 

Finally, we apply Chern- Weil theory to the fibcrwise flat connection H on E P (Z) 
guaranteed by Lemma 3.3. Choose local coordinates on {x\, . . . , x m , z\, . . . , z p } on 
X x Z such that the slices {x} x Z are defined locally by setting the Xi coordinates 
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equal to constants. The curvature of H is denned locally by an n x n matrix F 
of differential 2-forms F l . J € T(A 2 (T*(X x Z)) ® C). In local coordinates, the 
fact H is fiat along slices {x} x Z implies that Fi j is a section of the subbundlc 
of A 2 (T*(X x Z) 8 C) spanned by sections of the form dxi A dxj and dxi A dzj. 
Consequently, any product of m + 1 matrix entries from _F vanishes. The Chern- 
Weil form representing c rn +i(E p (Z)) is a symmetric polynomial of degree m + i 
in the entries of F. It follows that for i > the Chern class c m+ i{E p {Z)) is 
represented in de Rham cohomology by the zero form, and hence c m +i(E p (Z)) = 
in H*(X x Z;R) (and also in H*(X x Z;Q)). □ 

We end this section with an application to families of bundles over surfaces. This 
discussion will rely heavily on Morse theory for the Yang-Mills functional, so we 
will work mainly with unitary representations for the remainder of the section. 

Given a principal [/(n)-bundlc E — ► X x M, where M is a connected, smooth, 
manifold, we call E fiberwise flat if the restriction E x of E to {x} x M is a flat 
U(n)— bundle (x € X). If X is a smooth manifold, one may ask whether E admits 
a (smooth) unitary connection whose restriction to E x is flat for each x € X (in 
light of the construction in the proof of Theorem 3.5, this is essentially the same as 
asking for a smoothly varying family of flat connections on the bundles E x ) . When 
E is trivial over X x {m} (m G M), this question is closely related to the natural 
map 

(7) Hom(7TiM, U) -A Map(B7riM, BU) 

sending p: T — > U to the induced map Bp: BT — > BU between simplicial classify- 
ing spaces (continuity of B is discussed in Ramras [33, Section 3]). Note that the 
map B has an analogue B n with U replaced by U (n) ; by abuse of notation we will 
often write B instead of B n . These maps, and the next lemma, will play a key role 
in later sections as well. 

Lemma 3.6. Let X be a space and let T be a discrete group. For any family of 
representations p: X — > Hom(r, U(n)), the bundle E p — > X x BT is classified by 
the map 

(8) X x BT Hom(r, U{n)) x BT 

M&^(BT,BU{n)) x BT ^ BU{n). 

The analogous statement holds with U(n) replaced by GL n (C). 

Proof. For each point x 6 X, the homomorphism p x = p(x) induces a map 

E{p x ): ET — ► EU(n) 

between the simplicial models for the universal bundles (we use the conventions 
described in Ramras [30, Section 2]). This map is equivariant with respect to the 
right actions of T and U(n) on these bundles, in the sense that for each 7 e T 



E(p x )(e- 7 ) = (E(p x )(e))-p x ( 7 ). 
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We now have a commutative diagram 

(9) E p EU{n) 

X x BT-^BU(n), 
where u p is the composition (8) and the map u p is defined by 

(10) u p ([x,e,A)) = (E(p x )(e))-A. 

Equivariance of E(p x ) implies that u p is well-defined. Furthermore, u p is U(n)— 
equivariant, so Diagram (9) is a pullback diagram. □ 

Next, we consider classifying maps for fiberwise flat bundles. We say that a 
connection on a fiberwise flat bundle £->XxMis fiberwise flat if its restriction 
to each E x (x € X) is flat. 

Lemma 3.7. Let E X x M be a fiberwise flat U(n)-bundle as defined above, 
with M an aspherical smooth manifold, and let T = TTi(M,mo) (mo € M). If 
E\xx{m a } * s trivial, then E is classified by a map 

X x M -=» X x BT — s- BU(n), 

whose adjoint X — > Map(_Br, BU{n)) factors through the subspace of based maps. 

Now consider the case in which X is a smooth manifold. Then E admits a 
(smooth) unitary connection whose restriction to E x is flat for each x £ X if and 
only if E admits a classifying map whose adjoint factors (up to homotopy) through 
the map B. Again, the analogous statements hold with U(n) replaced by GL n (C). 

Proof. The first paragraph follows from the homotopy equivalence M ~ Btx\M and 
the fact that inclusion X x {*} c X x BT is a cofibration. 

Now assume that X is a smooth manifold. Triviality of E over X x {mo} allows 
one to choose a continuous section s: X — > E\xx{m a }- If E admits a fiberwise 
flat connection A, then computing holonomy of (restrictions of) A with respect 
to the basepoints s(x) 6 Er m>mo \ gives a smooth family p: X — >• Hom(r, U(n)). 
As established in the proof of Theorem 3.5, the bundle E p — ► X X M admits a 
fiberwise flat connection (whose holonomy at the canonical basepoints is precisely 
p). One now may construct an isomorphism E p = E using parallel transport along 
the connections on E and E p (this is just an elaboration on the standard proof in 
the case X = {*}, as discussed for example in Ramras [31, Appendix, Proposition 
8.3]). Lemma 3.6 now provides the desired classifying map for E. Conversely, if 
E is classified by such a map, then E is the pullback of a bundle of the form E p . 
By Theorem 2.1 we may assume that p is smooth, and now one may pull back the 
aforementioned connection on E p along the isomorphism E = E p . □ 

We now consider the case in which M = S is a closed, aspherical surface. 

Proposition 3.8. Let X be a closed aspherical surface and let X be a connected 
smooth manifold. Let E — > X x S be a fiberwise flat principal U{n)-bundle and 
let e m denote the trivial U(m)-bundle X x I] x U(m). If the restriction of E to 
X x {p} is stably trivial (p £ T,), then for large enough m, E(Be m admits a unitary 
connection whose restriction to E x is flat for each x G X . 
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We note that the restrictions on the Chern classes imposed by Theorem 3.5 
already follow for dimensional reasons in this case, except if Qcd(X) = 0. In that 
case, we find that c\(E) must be trivial in rational cohomology. 

Proof. Let /: X — > Map„(.B7ri£, BU(n + m)) be a classifying map for E © e m , 
where in is large enough that E\xx{p\ trivial. Let i: BU(n + m) BU(n + m') 
denote the map induced by block sum with I m '-m (m' > m). By Lemma 3.7, it 
suffices to show that for large enough m', [i o /] lies in the image of the map 

(11) [X,Hom(7riS,J7(n + Tn'))] — > [X,Map„(B7riS, BU(n + m'))] 

induced by B n+m i (the square brackets denote unbased homotopy classes of un- 
based maps). Standard obstruction theory (see, for example [1, Proposition 9.3.1]) 
tells us that a map X — > Map a ,(B7TiE, BU(n + m')) lies in the image of (11) so long 
as the obstruction classes in H k+1 (X; 7Tfehofib(i3 rl + m ')) vanish, where hofib(B„+ m ') 
denotes the homotopy fiber (computed at a point inside the relevant component 
of the mapping space). Since X is a finite-dimensional CW complex, these coho- 
mology groups are trivial for k ^ d\m(X). Using Morse theory for the Yang-Mills 
functional, it was shown in Ramras [33, Theorem 3.4] that the map 

7TfeHom(7Tii;, U(n + m')) — > 7r fe Map t (S7riS, BU(n + m 1 )) 

is an isomorphism for < k < 2(n + m') and for any compatible choice of base- 
points. 4 Therefore, the homotopy groups of ho6b(B n+m i) are trivial through a 
range of dimensions increasing to infinity with m! . Hence once m! is large enough, 
the obstructions to the lifting problem vanish. □ 

Remark 3.9. Theorem 3.8 fails if '£ is replaced by a closed manifold M with ra- 
tional cohomological dimension <Qcd(M) > 2. Indeed, it follows from Theorem ^..13 
that the map (11) is not surjective when X = S with k ^ <Qcd(M) — 2 (and 
n + ml » 0), and now Lemma 3.7 shows that there exist fiberwise flat U(n)- 
bundles E — > S k x M that are trivial over S k x {mo} but do not admit fiberwise 
flat connections. 

It would be interesting to understand fiberwise fiat bundles whose restriction to 
the parameter coordinate is not stably trivial. The simplest examples of such bundles 
come from pulling back bundles E — > X along the projection S x X — > X; when X 
is a manifold, any connection on E pulls back to a connection that is trivial (hence 
flat) in the Yi-direction. It would be interesting to find examples in this setting 
which do not admit fiberwise flat connections. 

4. The topological Atiyah-Segal map 

Atiyah, Hirzebruch, and Segal studied the map 

R[T] — ► K°(BT) 



Only the component of the trivial representation is discussed in [33, Theorem 3.4]. In the 
oricntable case, Hom(7riS, U(n)) is connected for all n ^ 1, and when E is non-orientable these 
spaces have exactly two components, which map bijectively under B to the two components of 
the mapping space - see Ho-Liu [20]. As explained in Section 5, the second component can be 
handled just as in [33], since the space of flat connections on the bundle in question is still highly 
connected by Ramras [31, Proposition 4.9]. 

The upper bound on k is not sharp; for more precise results see Ramras [32] . 
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defined by sending a virtual representation [p] — [ip] to the virtual bundle [E p ] — [E^] 
over BT (to be precise, when BY is not finite-dimensional one should instead con- 
sider formal difference [Bp] — [Btfj] between the classifying maps for these bundles). 
In this section, we extend this map to spherical families of representations and 
study its behavior. 

Given a discrete group T, we consider the topological monoid 

oo 

Rcp(r) = ]jHom(r,GL„(C)), 

71=0 

in which the monoid operation is given by block sum of matrices and 

Hom(r,GL (C)) := {0}, 

where is the (formal) identity element under block sum. This monoid is homotopy 
commutative: letting A m%n denote a path in GL„(C) from the identity matrix I m + n 

0' In 



to the block matrix 







the homotopy 



H{P,i',t) = 4ttm(p),dim(^)(*)(<°® 1p) (4lini(p),dini«0(*)) 

connects the maps (p, ip) h-> p © ip and (p, ip) h- > ip © p. 

As before, let [X, Y] denote the set of unbased homotopy classes of unbascd 
maps between spaces X and Y. If M is a topological monoid, [X, M] inherits the 
structure of a monoid, and we may form the Grothendieck group Gr[X, M\. If M 
is homotopy commutative, this is an abelian monoid. 

Definition 4.1. Let T be a discrete group. For m = 1, 2, . . define K^iT) to be 
the abelian group 

£™p(T) = Gr[5 m ,Rep(r)]/GrKRep(r)) 

and define 

For m = 0, we define 5 

K r cp (T) = Gr[S°,Rep(r)]/Gr(7r Rep(r)) . 

Here Gr (7roRcp(r)) is viewed as the subgroup of Gi[S m , Rep(r)] generated by 
formal differences between constant maps. Note that the map S m — > * induces a 
map of monoids 

7T Rc P (r) A [5 m ,Rc P (r)], 

and the induced map 

Gr (7r Rep(r)) Gr[S* m , Rep(r)] 

is injective. 

We will later prove that Kl ep (T) agrees with Carlsson's deformation K -theory 
for finitely generated groups T (Theorem 4.15 below). The groups K™ P (T) arc 
the natural domain for a higher-dimensional version of the classical Atiyah-Segal 
map. Naively, we would like to define the topological Atiyah Segal map by sending 
the class in K™ P (T) associated to formal difference [p] — [4>] to the virtual bundle 
[Ep] — [E^,], where the bundles E p and E^, were defined in Section 3. Some case 



^One could define A"Q ep (r) to be the subgroup of Kg ep (r) generated by maps p : S° — > Rep(r) 
satisfying dimp(l) = dimp(— 1), but we will not need to consider this subgroup. 
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must be taken with basepoints, however, in order to make this into a well-defined 
homomorphism -ft^ p (T) -> K~ m (BY). 

We will use 1 £ S° C S m as the basepoint of S m , and for any family 

p: S m ->Hom(r,GL„(C)), 

we let p(l): S m — > Hom(r, GL n (C)) denote the constant family sending every 
point z £ S m to the representation p(l) : Y -> GL n (C). If p: S m -> Rcp(r) is the 
constant map to £ Hom(r, GLq(C)), we define i? p = S™ x BY to be the identity 
map on S m x BY, viewed as a GLo(C)-bundle. Note that for each ^'"-family p, 
we have an isomorphism of principal GL n (C)-bundles 

E^p* 2 {E p{1) ), 

where p 2 : S m x BY — > BY is the projection. 

For based CW complexes X\ and X 2 , the long exact sequence in if -theory for 
the pair (Xi x X 2 ,Xi V X 2 ) yields a (naturally) split short exact sequence 

— ► K°{Xx A X 2 ) -A K°{X X x X 2 ) A V X 2 ) — ► 0. 

If p is an 5 m -family (m > 0), the bundle i? p — >• S™ x BY is trivial when restricted to 
S m x {x} (for any point {x} £ BY), since it admits a continuous section z 1— ► [z, x, I] 
(where x is any point in the fiber of EY over x £ BY). Thus we have an isomorphism 

E p \s™vbt — {p 2 E p (i))\s m \jBr = E^Is^vbt, 

and hence 

[^p]-[ S p(r)] eker (0=Mvr*). 

Since 7r* is injective, the class [-E p ] — [E^j] has a well-defined pre-image under tt*, 
which we will denote by 

(12) {^{[Ep] - [£ p7T) ]) £ A BY) = K- m (BY). 

By the part (2) of Lemma 3.1, this class depends only the unbascd homotopy class 
of p. Note that if p is constant, then E p = E^j., so in this case the class (12) is 
trivial. 

With this understood, we can now define the topological Atiyah-Segal map. The 
definition of this map for m = is a bit different from the definition for m 1, due 
to the fact that S° — {±1} is disconnected. 

Definition 4.2. Form 1, the (reduced) topological Atiyah-Segal map 

a m : K^(Y)^K- m (BY) 

is defined by 

(13) a m ([p) ~ M) = (tt*)" 1 ([E P ] [E~\) - (tt*)" 1 ([^] - [tt*^]) 

where 7r : 5™ x £?r — > S™ A £?r is i/ie quotient map. 

For m = 0, we define the unreduced topological Atiyah-Segal map 

a : K r ep (Y)^K°(BT) 

by 

(14) 5 (M - M) = {[E p{ -i)} - [E p(1) ]) - ([^ ( _!)] - [^ (1) ]) 
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For m 1, the unreduced topological Atiyah-Segal map 

a m : K™ P (T) — > K~ m (BT) 

is defined by 

a m = a m © Id/c-m(«), 
where we have used the natural splitting 

K~ m (BT) £ K- m (Br) © K~ m {*). 

We now relate ao to the classical Atiyah-Segal map. The map 

Gr[S°,Rcp(r)] Gr(7r (Rcp(r))) x Gr(7r (Rep(r))) 

defined by 

'7(W-M) = ([p(-i) j V'(-i)] ! [p(i)]-Wi)]) 

is an isomorphism of groups, and maps the subgroup 

Gr(7r Rep(r)) C Gr[S*°, Rep(r)] 
(generated by constant maps) to the diagonal subgroup 

A C Gr(7T (Rcp(r))) x Gr(7r (Rcp(r))), 
inducing an isomorphism 



.op, , Gr[g°,Rep(r)] Gr(7r (Rcp(r))) x Gr(7r (Rep(r))) 
L ° 1 ' Gr(7r (Rep(r))) A 



Composing with the natural isomorphism 

Gr(7r (Rcp(r))) x Gr(7r (Rep(r))) 



Gr(7r (Rep(r))) 



A 

given by (x, y) i— > x — y yields an isomorphism 

Gr(7r (Rcp(r))). 

The composite 

Gr(7r (Rep(r))) K°(BT) 

has the form 

[p] - M -> [E p ] - [E^], 
so the classical Atiyah-Segal map factors through aoo <f>~ 1 . 

One may replace GL„ (C) by U (n) throughout the preceding discussion. We have 
the homotopy commutative topological monoid 



Re Pc/ (r) = JjHom(r,t/(n)), 



which gives rise to groups KU*° P (T) along with a unitary version of the topological 
Atiyah-Segal map 

KU™ P (T) ^ K~ m (BT) 
which factors through the natural map 

KU^{T) — ► A--p(r) 

induced by the inclusion 

Re Pc/ (r) ^ Rep(r). 
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4.1. The homotopy groups of a homotopy group completion. We wish to 
relate the unitary topological Atiyah-Segal map to the natural map 

Hom(r, U) -A Map(Br, BU), 

where U = colim„ U (n) is the infinite general linear group. This will be achieved 
(for certain groups) in the next section by relating the groups of spherical families 
Kl ep (T) to 7r*Hom(r, U). Part of the argument works in the general setting of 
homotopy commutative topological monoids, and this is the focus of the present 
section. 

Let A denote a topological monoid, with monoid operation * : A x A ^ A. In 
other words, * is continuous, associative, and there exists a unit element £ A. 
For each m > 0, we may consider the discrete monoid [S m , A] consisting of unbased 
homotopy classes of maps S m —> A. 

Definition 4.3. For each m 0, let H m (A) denote the Grothendieck group of the 
monoid [S m , A]. 

Note that for each m 0, Ii m {A) contains a copy of Gr(7r (A)) as the subgroup of 
all differences between constant maps (we view ir (A) as the set of path components 
in X; we will write 7r (X, x) for the naturally isomorphic set of base-point preserving 
maps (5°, 1) — > (X,x)). Furthermore, for any group T and any m 0, we have 

n m (Rep(r))/Gr(7r Rep(r)) = 

In order to state the main result of this section, we recall some terminology from 
Ramras [30, Section 3]. 

Definition 4.4. A topological monoid (A,*) is stably group-like with respect to 
an element ao G A if the submonoid of iro(A) generated by ao is cofinal. More 
explicitly, A is stably group-like with respect to ao G A if for every a £ A, there 
exists a' G A and k such that a * a' lies in the same path component as 

<Hi = ao * • • ' * a o 
" * ' 

k 

(ttg is the identity element of A). 

If A is homotopy commutative, then we say that an element ao G A is anchored 
if there exists a homotopy H : A x A x I ^ A such that for all a € A and all t G /, 
we have Ho(a,a') = a * a' , Hi(a,a') — a' * a, and H t (aQ,a ) = a$ +l . Thus H is a 
homotopy exhibiting the homotopy commutativity of A, and H leaves powers of ao 
fixed at all times. 

We define 

Aoo(ao) = telescope (^A A A ^> • • • ^ 

where the right-hand side is the infinite mapping telescope of this sequence. 

Remark 4.5. The argument in Ramras [30, Proof of Corollary 4.4], shows that for 
any group T, every element in Repu{F) and Rcp(r) is anchored. 

The main result of this section is the following elementary description of the 
homotopy groups of certain homotopy group completions. 



#£p(r) if m = 
K™p(T) if to > 0. 
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Proposition 4.6. If A is a homotopy commutative topological monoid that is 
stably group-like with respect to an anchored element ao € A, then for each m ^ 
there are isomorphisms 

(15) 7r m QBA ~ TtmAooiao) A IT m (A)/GrMA)). 
Proof. The first isomorphism in (15) arises from a weak equivalence 

(16) fLBA~ A^Oo). 

This is a consequence of the McDuff -Segal version of the Group Completion The- 
orem [25], discussed in Ramras [30, Theorem 3.6]. (Note that this step uses the 
assumption that ao is anchored, which will not be need for the remainder of the 
argument.) 

We will use the notation (</>) to denote the based homotopy class of a map (f> 
and [4>] to denote its unbased homotopy class, and we write cf> ~ cf>' to indicate that 
[<f\ = [4>'\. We view 7r m (X, x) as the group ((S m , 1), (X, x)) of based homotopy 
classes, with multiplication □ defined via concatenation in the first coordinate of 
(I m /dl m , [dP n ]) (S* m , 1). (By convention, 1° = * and dl° = 0, so I°/dI° = S°.) 
For 4>: (S m , 1) — > {X,x) with m ^ 1, we let cf> denote the reverse of (f> (so that 
(0) = mn m (X,x)). 

For each m ^ 0, there is a natural isomorphism 

ir m Acc(a ) = colim (n m (A, e) ^ n m (A, a ) ^> n m (A, al) ^% ■ ■ ■ ) , 

where the maps in the colimit on the right are those induced by (right) multiplica- 
tion by the constant map c ao . We will denote the colimit on the right by 

(17) colim7r m (A,ag). 

k— too 

We view elements in colim 7r m (74, a^) as equivalence classes of pairs ({<^),fc), where 

k— >oo 

tfi: (S m , 1) — > (A, o,q). When m = 0, wc have the natural bijection 

MA a) = ((S°, 1), (A, a)) = [{-1}, A] = MA) 

so we can replace (</>} by [(j>(— 1)]. 

When m = 0, (17) has a monoid structure defined as follows: 

([a],k) + ([b},l) = ([a*b],k + l); 

this monoid structure is in fact a group structure since A is stably group-like with 
respect to ao. Moreover, the bijection 

ir £lBA = colim7r (A, a§) 

k— >oo 

is a group isomorphism (Ramras [30, Theorem 3.6]). We claim that the homomor- 
phism 

(18) colim7ro(A4) -^U {A)/Gt(MA) 

k^-oo 

([a],k)l -[(a, a§)] 

(where (a,ag) denotes the map S° — > A sending —1 to a and 1 to a§) is also an 
isomorphism. To check surjectivity, note that n (A) is generated as a group by 
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elements of the form [(a, b)}. For any such element, there exists b' G A and ieN 
such that b * b' ~ ag, and now [(a, &)] is equivalent, modulo Gt(tto(A)), to 

[(a,b)]*[(b',b')] = [(a*b', a*)] Clm^). 

To check injectivity, say ^([a],/c) = 0. Then [(a, ag)] <E Gr(7To(A)), so there exist 
b, c G A such that 

{(a,a k )} = l(b,b)}-l(c,c)} 
in LTo(A). Hence there exist d, e G A such that 

(a * c * d, ag * c * e) ~ (6 * d, b * e), 

and it follows that 

(a * c * d * e, (Iq * c * e * d) ~ (6 * d * e, b * e * d). 

Now we have 

[a * c * d * e] — [b * d * e] = [6 * e * d] = [ag * c * e * d] . 
By choice of ao there exist f G A and / ^ such that [c* d* e * f] = [a l ] . Now 
[a * a ] = [a * c * d * e * /] = [ag * c * e * d * /] = [ag +/ ], 

so 

([a],*) - ([a*a&],* + Q = ([a% +l ),k + l) = ([0],0) = G coUm7r (A ag). 

In order to obtain the desired isomorphism for m > 0, we need an analogue of 
the classical Eckmann-Hilton argument [10]. 

Lemma 4.7. If A is a homotopy commutative topological monoid, then for any 
(j),ip: S m — » A (m^O) with (f)(1) = iji(l) = a we have 

<f) * ip ~ (0 * c )D(V> * c n ) = {4>^il>) * c a , 

where * denotes point-wise multiplication of maps into A, and c a denotes the con- 
stant map S m — > {a}. 

In particular, for m ^ 1 we have <f> * <f> ~ c a 2 . 

Proof. Just as in the ordinary Eckmann-Hilton argument, the point is that * is a 
homomorphism 

7r m (A,a) x TT m (A, a) 7r m (A, a 2 ). 

In fact, the relevant identity holds on the nose, not just up to homotopy: for any 
maps a, (3, a' , j3' : S m — > A, we have 

{aup) * (a'up 1 ) = (a * a')n(/3 * /?')■ 
Now, we have homotopics 

* ^ ~ (0DCo) * (c a D^) = (0 * c a )D(c a * -0) - (0 * C a )n(V> * C a ), 
where the last homotopy uses homotopy commutativity of A. □ 
Returning to the proof of Proposition 4.6, we define a homomorphism 
* : colim n m 

k—>oc 

Given a based homotopy class ((f)) G 7r m (j4, a§) for some fc, we define 



SMOOTH APPROXIMATION AND THE ATIYAH-SEGAL MAP 



21 



This map is well-defined on (based) homotopy classes, and we must check that it 
is a homomorphism, or in other words that 

[^-[c oS ] = (M-[c o j]) + ([^]-[p 0S ]) 

in the Grothendieck group LI m (A) (we write the operations in [S m , A] and H m (A) 
using +). It suffices to check that 

(19) \^4>'] + [c al A = m + W] + [c og ] 

in the monoid [S m , A]. By Lemma 4.7 we have 

(<t>U<f)') * c a k =((f>* c * )□(<£' * c a k) ~ (j) * 0', 

and multiplying by c a k on both sides yields (19). 

The maps are compatible with the structure maps for colim 7r m (A, Oq): 

fc— >oo 

*fc+l((0) * (Coo)) = [0 * c «o] ~ Kj+i] = [0 - [c„g] = 

in the Grothendieck group IT r „(j4). Thus we have a well-defined homomorphism 

* : colim 7r rn 

fc— >oo 

We need to check that ^ is surjective, modulo Gr(7r (A)). Consider an element 
[0] — [</>'] G n m (A). Since A is stably group- like with respect to a , there exist 
a, a' G A and fc, fc' G N such that [<f>(l) * a] = [a§] and [</>'( 1) * a'] = [ag']. Modulo 
Gr(7ro(A)), we have 

[fl - [<£'] = [0] + [Ca] - ([<£'] + [<*]) , 

so without loss of generality we may assume that </> and 4>' are based at powers of 
ao- We may even assume that they are based at the same power of ao, say a§ (by 
adding some power of [c a J to one of them). We have 

M-M = fe*?)-[c «] 

in II m (A), because by Lemma 4.7 

* C a 2fc ~ * 0' * (j)' . 

Since [</) * <f>'] — [c a 2k] is in the image of VP, this shows that the composite 
colim 7r TO (vl,4) A U m (A) n m (A)/Gr(7r A) 

fc— >oc 

is surjective (where g is the quotient map). 
Finally, we must show that 

qoty : colim 7T m 

(A,oS) — ►n m (A)/Gr(7r ( J 4)) 

fc— >oo 

is injective, or in other words that if ^k((4>)) £ Gr(7To(A)) for some (4>) G TT m (A, a§), 
then (</> * c a p) = in ir m (A, Oq +p ) for some p. Note that it suffices to produce an 
unbascd nullhomotopy of * c a p inside A. 

Say ((<£)) = [c tt ] - [c„/] for some a, a' G A. Then [</> * c a / * 4>'] = [c a * c a g * 0'] 
for some 0' : S m — > A. So we have a (possibly unbased) homotopy 

(j) * C a ' * <j>' — c a * C a fc * 0', 
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and hence (applying Lemma 4.7) we obtain an unbased null-homotopy 

(20) <f> * C a < * C^/(i)2 ~ <j> * C a > * (</>' * 0') = {4> * C a > * </>') * <$' 

- ( C o * C «S * 0') * V = °a * C a k * ((/)' * 0') 
— C a * C a k * C$>(i)3 = C a *a**<t,'(l) 2 - 

Since A is stably group-like with respect to Oo, we can choose a" e A such that 
[a' * Oq * 0'(1) 2 * a"] = [do] f° r some i. Now 

* C l ~ * C ,, *»^ (1 ) 3 , /, ~ * C a > * C^(i)2 * C h, „, 

and the right-hand side is null-homotopic by (20). □ 

Remark 4.8. TVoie that for any map p: (S m ,l — ► (A°o) f m ^ ^ ^ e isomor- 
phism 

co\im7r m (A,a k ) A II ro (A) -i» n m (A)/Gr(7r (A)) 

sends ((f)) € 7r m (A,a§) io i/ie equivalence class represented by [(f)] = [(f)] — 0. In fact, 
the isomorphism 

coIimTroCAoo) n (^)/Gr(7r ( J 4)) 
described in (18) has exactly the same form when written in terms of maps 

(S°,l)^(A,a k ). 

4.2. The unitary Atiyah Segal map for surfaces. In a number of interesting 
cases, including fundamental groups of asphcrical (possibly non-orientable, possi- 
bly with boundary) 2-dimensional surfaces (Ramras [31, Corollaries 4.11 and 4.12]) 
and certain crystallographic groups (Ramras [29, Proposition 10.5]), the monoid 
Rep(j(r) is stably group- like with respect to the trivial 1-dimensional represen- 
tation 1 and hence satisfies the hypotheses of Proposition 4.6 with do = 1 (note 
Remark 4.5). Proposition 4.9 could equally well be formulated for general linear 
representations, but since our examples come from the unitary case we will phrase 
the results in that context. 

If Rcp;j(r) is stably group- like with respect to 1, the infinite mapping telescope 
Rcp[7(r)oo(l) is weakly equivalent to the corresponding colimit, since the maps 

Hom(r, U(n)) — > HonuT, U(n + 1)) 

given by block sum with 1 are inclusions of real algebraic sets, and hence CW 
inclusions. This colimit is homeomorphic to Z x Hom(r, U), where U = colimi7(n) 
is the infinite unitary group, and Proposition 4.6 yields isomorphisms 

KU^{T) S 7r m (Hom(r, U)) 8 K~ m {*). 

The right-hand side admits a natural map to the if -theory of BY. Specifically, we 
have the natural map 

B : Hom(r,[/) — ► Map„(£?r, BU) 
and for m ^ this yields 

5* ©Id: n m (Hom(r,C/)) © K- m (*) — ► tt to (Map,(BT, BU)) 8 K~ m (*). 
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Proposition 4.9. IfT is a discrete group with BY homotopy equivalent to a finite 
CW complex, and Rep (7 (r) is stably group-like with respect to the trivial represen- 
tation 1, then B* agrees with the unitary Atiyah-Segal map 

KU? P (T) — S- K-*(T) 

in the sense that for each m ^ 0, there is a commutative diagram 

H fflTd 

(21) 7r m (Hom(r, U)) © A~ m (*) — 7r m (Map, (Br, BU)) © K~ m (*) 



<i> 



<!>' 



KU£ P (T) K~ m (BT). 

Here the basepoints in Hom(r, U) and Map^Br, BU) are the trivial representation 
and the constant map c* to the basepoint of BU , respectively. 

Proof. We begin by denning $ and The map <2> is essentially the isomor- 
phism go$ from Remark 4.8. To be precise, we view elements in 7r m Hom(r, U) = 
colim„ 7r m (Hom(r, U(n)), I n ) as equivalence classes of maps 

p: (S m ,l) -> (Hom(r, U(n)),I n ), 

and we set 

*(p) = [p] e n m (Re P[/ (r))/Gr(7r (Rep a (r))) = KU^ {T) c KU™ P {T). 
For m > 0, we define $ on A" ~ m (*) C 7r*Hom(r, U) © A~ m (*) to be the inclusion 

K~ m {*) ^ KU7(T) © K- m (*) = KU™ P (T), 
while for m = we define $ on A'" 1 "^*) using the map 

A-™(*) — > n (Rep c/ (r))/Gr(7r (Re Pc/ (r))) = KU* cp (T) 

given by 

[e B ]^[(/ n> 0)], 

where e" denotes a trivial rank n bundle and (I n ,0): S° —> Rep f7 (r) is the map 

-1 (->■ /„, 1 !->• 0. 

The map $' is defined on (/) e 7r m (Map„(Br, BU{n))) by 

*'«/» = [(f V )*(EU(n))} - [e n ] € A—(Sr), 

where / v : S™ ABr — >• BU(n) is the adjoint of /. (Since BY is homotopy equivalent 
to a finite CW complex, each map S rn ABT — > BU is homotopic to a map S m /\BT — > 
BU{n) for some n.) We extend $' to A'~ m (*) C 7r m (Map, (Br, BE/)) © A~ m (*) 
using the inclusion A" m (*) ^ A~ m (Br). 

We now check commutativity of Diagram (21). For any map 

p: (S m ,l) -> (Hom(r,[/(n)),/„), 

we have 

(22) a m o $ (p ) = (tt*)-^^] - [A pTr) ]) = (tt*)- 1 ^] - [e n ]) 

(note that p(l) is the constant family z h-> J n ). 
On the other hand, 

(23) ($' o B,){p) = ((B o p) v )*(M/(n)) - [e"] £ A°(5 m A Br). 
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Since (B o p) v o ir is precisely the map u p appearing in Lemma 3.6, the image of 
(23) under ir* is [E p ] — [e n ], and hence 

(*' o B*){p) = (ir*)~ 1 ([E p ] - [e»]) = a m o $(p). 

Commutativity for classes in K~ m (*) follows immediately from the definitions. □ 

Corollary 4.10. Let T = 7TiS, where S is a closed, aspherical surface. Then the 
topological Atiyah-Segal map a m is an isomorphism for * z/E «s non-orientable, 
and a m is an isomorphism for *>0ifY,is closed and orientable. 

If T is a finitely generated free group, then a m is an isomorphism for * 0. 

This follows from Proposition 4.9 together with the corresponding results regard- 
ing the map B, which were discussed for surfaces in the proof of Proposition 3.8. 
For finitely generated free groups, the result for B is more elementary, as discussed 
in Ramras [33, Proof of Theorem 4.3]. 

The computations in [op. cit., Section 6] (together with Theorem 4.15 below) 
provide abstract isomorphisms 

KU™ V (T) = K~ m (BT) 

for m > Qcd(r) — 2 whenever T is a product of (aspherical) surface groups. As 
discussed in the next section, the low-dimensional discrepancy in these computa- 
tions is a general phenomenon that is closely related to Theorem 3.5, but in higher 
dimensions these computations raise the following question. 

Question 4.11. IfT is a product of aspherical surface groups, is the topological 
Atiyah-Segal map 

a m : KU^(T) — ► K~ m (BF) 
an isomorphism for m > Qcd(T) — 2? 

Remark 4.12. For general discrete groups, the topological Atiyah-Segal map can- 
not be expected to be well-behaved even in high dimensions. For instance, the groups 
discussed in the introduction to Ramras [31] have no non-trivial linear representa- 
tions, yet have non-trivial K-theory. In another direction, consider the integral 
Heisenberg group H ( consisting of 3 x 3 upper triangular matrices with 1 's on the 
diagonal). Results of Laws on (see [23] and [24]), along with Theorem 4-15 below, 
show that KUl cp (H) is an infinite rank free abelian group in all dimensions * ^ 0. 
But BH ~ R 3 / H is a closed, 3-dimensional manifold, so K*(BH) is finitely gener- 
ated and the topological Atiyah-Segal map is quite far from being an isomorphism, 
even for * >> 0. 

4.3. The low-dimensional behavior of the topological Atiyah Segal map. 

Our results on characteristic classes have the following consequence for the low- 
dimensional behavior of the topological Atiyah-Segal map. 

Theorem 4.13. Let F be a discrete group whose classifying space BF has the 
homotopy type of a finite, d-dimensional CW complex. Then the cokernel of 

a m : i^P(r) -> K- m (BF) 

has rank at least Pm+2i{F). In particular, this map fails to be surjective in 

dimensions m <Qcd(F) — 2. 

Similarly, for n (m + d)/2 and p 6 Hom(r, GL ra (C)), the cokernel of 

B* : 7r m (Hom(r, GL„(C)), p) -> 7r m (Map*(Br, SGL„(C)), Bp) 
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has rank at least Pm+2i{T). 

We'll need a lemma, which is probably well-known. Wc will write Cj for the ith 
Chcrn class, considered as a rational cohomology class, and we will write Ch for 
the Chern character. 

Lemma 4.14. Let X be a finite CW complex. Given m > and x G H 2t (S m A 
X; Q), there exists a class <fi G K°(S m AX) such that Cj(</>) = qx for some non-zero 
rational number q G Q*, and Cj(</>) = for j =/= i. 

Proof. Since Ch: K°(S m A X) —5- H cvcn (S m A X;Q) is a rational isomorphism, 
there exists G K°(S m AX) such that Ch(0) = qx for some g 6 Q'. By definition, 
Ch(</>) is a polynomial in the Chern classes of <f>, but since all cup products in 
H*(S m A X;Q) are zero, Ch((j>) is just a rational linear combination of the Chern 
classes of (j> and the result follows. □ 

Proof of Theorem 4.13. For m = 0, the result follows from the Chern character 
isomorphism together with the fact that all Chern classes c, (i > 0) of flat bundles 
are rationally trivial. 

Now assume m > 0. For each i ^ 1, choose a Q-basis 

{oij}j C H m+2l {BT; Q) = H 2rn+2l (S m A BT; Q). 

By Lemma 4.14, there exist classes Ay G if (S™ A f?r) such that 



qijOij for some G Q*, if / = m + i, 
0, if Z 7^ m + i. 



ci(A zj ) 
Set 

A = Span z ({A ii } iii ) c if (5"* A BT). 
Since {Ch( J 4y-)}i j j = {ajj}i,j is linearly independent over Q, A is a free abelian 
group of rank J2ili /?m+2i (H . 

We claim that A n Im(a m ) = {0}. If x = JA j n ij^ij is a non-trivial linear 
combination of the A^ , then 

Ch(x) = ^nyCTi(Ay) = 7^ 0. 

Note that Ch(a;) lies in H 2m+2i {S m A BT; Q), and as observed above Ch(x) 

is a rational linear combination of the Chern classes Cj(:r). Hence 

c m+i (x) G H 2m+2i (S m ABT;Q) 

must be non-zero for some i > 0. 

To show that x ^ Im(a m ), it now suffices to show that classes y G lm(a m ) have 
Cm+i(y) = in H 2m+2i (S m A BY; Q) for % > 0. Any such y is represented by (formal 
differences between) bundles E -> 5 m A£?r such that the pull back ir*E ^ S m x Br 
is isomorphic to E p for some S' m ~family of representations p. Theorem 3.5 implies 
that c m +i(E p ) G H*(S m x BT; Q) is trivial for i > 0, and since the natural map 

H* (S m A BT; Q) — ► i? * (S* m x Br ; Q) 

is injective, we see that c m +i(E) G H*(S m A BT;Q) is zero as well. We now have 
an injective map 

A «-> coker(a m ), 
proving the first statement in the theorem. 
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The second statement in the theorem follows similarly, using description of 
the classifying map for E p given in Lemma 3.6. The dimension bound comes 
from the fact that BGL n (C) — > BGL n+ iC is (2n + l)-connected, and hence 
Map*(Br,5GL„(C)) — » Map,(Br, BGL„+iC) is (2n + 1 - ^-connected, which 
guarantees isomorphisms 

(24) 7r m Ma P>f (Br,BGL„(C)) 7r m Map,(Br, SGL oc (C)) S K-' n {BT) 

(for any compatible bascpoints) for < m $J 2n — d (when m = 0, one must replace 
K~ m {BY) by K- m {BT) on the right-hand side of (24)). □ 

Example 4.20 below shows that the image of the (unitary) topological Atiyah- 
Segal map cannot be characterized simply in terms of Chern classes, even in di- 
mension zero: there exist bundles E — > X (with X a finite CW complex) such that 
Ci(E) is torsion for each i > and yet E is not in the image of ctQ (i.e. E is not a 
flat bundle). 

4.4. Deformation K— theory. We can use Proposition 4.6 to describe the homo- 
topy groups of Carlsson's deformation if-theory spectrum K dcl (r), for any finitely 
generated group T. As defined in Ramras [30], this is a connective f2-spectrum 
with zeroth space 

0°°#def (r) „ nB | jj Hom(rj u(n)) hU(n) ) , 

\n=0 / 

where Hom(r, U(n))hu(n) is the homotopy orbit space (Borel construction) associ- 
ated to the conjugation action of U(n), and the bar construction is formed using 
the monoid structure induced by block sum. We denote this monoid by Rep(r)/ l ;/. 
There is an analogous general linear version. 

Theorem 4.15. For any finitely generated group T there are isomorphisms 

n m K dei (T) £* KU™ P (T) 

for each m ^ 0. Similar isomorphisms exist in the general linear case. 

Proof. We treat the case m > 0; the proof for m — is similar but simpler. 
First we establish isomorphisms 

rep 

TT m nBRc Pu {r) S KU m (T) = n m (Rcp [/ (r))/Gr(7r (Rep [/ (r))). 

Consider the filtration of Rcp (7 (r) by the submonoids Rep (7fe (r) generated by rep- 
resentations of dimension at most k. For each k, wo(TLepu k (T)) is finitely generated, 
because Hom(r, U(n)) is compact and hence 7To(Hom(r, U(ri))) is finite (in the gen- 
eral linear case, one uses the fact that Hom(r, GL n (C)) is a real algebraic set and 
hence has finitely many connected components by Whitney [39]). Choosing rep- 
resentatives [p n ,i]> • • • > [Pn,l„] f° r 7To(Hom(r, U(n))), we see that 7r (Rep ;7jfe (r)) is 
generated by 

{[Pn,i] ■ n < k, i < l n } 
and hence Rep;y fc (r) is stably group- like with respect to the sum 

^ k = ® ® P",i- 
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Since Rep^ fe (r) is a union of path components in Rep;y(r), it follows that Rep^ k (T) 
is homotopy commutative and the basepoint ipk is anchored (see Ramras [30, 
Lemma 5.2]). Note that 

[Vfc+i] = [tp k ] © w k \ 

where 

(25) W]=©[p*+i,<]- 



Proposition 4.6 now yields isomorphisms 
(26) T^QBRep^jr) A 7r m Rep c/fc (r)oo(V'fc) 



n m (Re Pc/jfc (r)) 

Gr(7r Rc Pc/ife (r))' 



We need to check that these isomorphisms arc compatible as we increase k. The 
inclusions 



Rep^r) ^Rc P;7 fc+1 (r) 



induce maps 



(27) ^Re Pc/ife (r) QBRep W1 (T) 

and 

n m (Re P[7ife (r)) n m (Re Pt/>fc+1 (r)) 



(28) 



Gr(7r Re Pl/ , fc (r)) Gr(7r Rep wl (r)) ' 
We claim that the isomorphisms (26) yield commutative diagrams 

(29) 7r m QBRe Pl/)ib (r) ^ T^Rep^T)^) ^— * "^^[r)) 

7T ro 05Re Pc/ife+1 (r) — ^- 7r m Rcp [/ fc+1 (r) 00 (V'fc+i) ^ ^^p^)^)) ' 

for each k ^ 0. 

The proof of commutativity will follow the arguments in Ramras [30, Section 3] 
(which are based on the McDuff-Scgal approach to the Group Completion Theo- 
rem [25]). We will assume familiarity with these sources in the following discussion. 
Given a topological monoid M, recall that BM is the nerve of the category (inter- 
nal to topological spaces) with one object * and with M as its space of morphisms, 
with composition given by m o n = m ® n. So BM is a simplicial space, and by 
abuse of notation we will also write BM for the geometric realization of the nerve. 
If M is homotopy commutative (with a non-degenerate identity element) and M is 
stably group-like with respect to an anchored clement x £ M, the isomorphism 

TT m QBM n-mMoofa) 

is induced by a zig-zag of weak equivalences of the form 

flBM — > honb(g(M, m)) i — M 00 (m), 

where hofib(g(M, m)) is the homotopy fiber of a certain map defined in terms of 
M and m. 
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We will now construct a homotopy commutative diagram of spaces of the form 

(30) M 
f 

flBM ^ hofib(g(M, m)) AMm), 

for each n ^ 0. The map i n : M — > Moo(m) is simply the inclusion of M into the 
nth stage of the mapping telescope (so i n (x) = (x, n, 0) in the notation from [30]). 
To describe /„, recall that there are natural maps 

X — > tt^X 

(for any space X) and 

OEM — > ttBM 

(for any topological monoid M) . The first map is simply the adjoint of the quotient 
map X x J — > Y.X = Ix//~, where ~ is the equivalence relation (x, 0) ~ (y, 0) 
and (x, 1) ~ (y, 1) for all x,y € X. The second map is induced by the natural map 
M x I — > BM, resulting from the fact that the simplicial space underlying BM has 
M as its space of 1-simplices. The composite 

M — > SHIM — > VLBAI 

sends each m £ M to a loop 7 m in BM, and we define 

a : M -> QBM 

to be the map sending mgMto the reverse loop a(m) = 7 m - 6 The map /„ is now 
defined by 

(31) f n {x) = a{m n )Ua{x). 
Lemma 4.16. Diagram (30) is homotopy commutative. 

Lemma 4.16 is proven using the argument at the end of the proof of Ramras [30, 
Theorem 3.6]. That argument shows that the diagram commutes after passing to 
connected components, and it is routine to check that the paths constructed there 
give rise to a continuous homotopy into hofib(g(M, m)). (Note that the homotopy 
fiber of a map /: X — > Y is a subspace of X x Map(7, Y), so one may check 
continuity of a map Z — > hofib(/) by examining the adjoint map Zx/->Ix Y.) 

We will apply Lemma 4.16 to the monoids Rk := Rep [/fe (r) and Rk+i '■= 
Kcpjj k+1 (T) . Wc define a map p n : Rk —t Rk+i by the formula 

Vn{p)=P®{i>'kT, 

where ip' k was defined in (25). We claim that the diagram 

(32) R k f — ^ UBRk 

-Rfc+i ' *■ QBRk+i 



e Our conventions on geometric realization come from Milnor [26] , and the map M X / — > BM 
is induced by the homeomorphism / = [0,1] — > A 1 = {(to>tl,t2) £ M 3 | = to ^ ti ^ ti = 1} 
given byti-) (0, t, 1). 
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is homotopy commutative, where the maps f n ,k and f n ,k+i are defined as in (31). 
We have 



ik°fn,k(p) =a((^ k ) n )n a (p) 

and 



fn.k+i ° Pn(p) = a ((V> fc+ i)")na (p © (^) n ) = a ((V> fc © Vk) n )°<* (P © ■ 

The desired homotopy ik ° f n ,k — /n,fe+i °Pn is constructed using the following 
well-known, elementary lemmas. 

Lemma 4.17. For any based space {X, *), the maps 

nx — >nx xnx nx 

sending a loop rj to the loop rjOn or to the loop r/Drj are homotopic to the constant 
map sending all loops to the constant loop c*. 

Lemma 4.18. Let (M, ©) be a topological monoid. Then the diagram 
(33) M x M - M 



QBM x QBM — QBM 

is homotopy commutative. Moreover, if M is homotopy commutative, then the 
maps 

M X M — > QBM 

given by (m,n) <— > a(m)Oa(n) and (m, n) \-> a(n)Oa(m) are homotopic. 

Proof. The space of 2-simplices in BM as M x M, where (m, n) corresponds to the 
sequence of composable morphisms * — * * . 

We will describe the desired homotopy M x M x I —> QBAI by specifying its 
adjoint 

M xMxIxI IdflfXldMXg > M xMxA 2 A BM. 
We use Milnor's conventions [26] regarding simpliccs and geometric realization, so 

A 2 = {(t 1 ,t 2 ) 6 7x7 : h sCi 2 }, 
and the map tt is induced by the definition of realization. The map H is defined by 



H(s,t) 



2sw t ifO<sO/2 
(2s-l)(l,l) + (2-2s)uJt ifl/2<s<l, 



where w t = (t/2, l-t/2) £ A 2 , and one may check that it has the desired properties. 
This proves commutativity of (33). 

To prove the second statement of the lemma, note that commutativity of (33) 
means that (to, n) \-t a(m)Oa(n) is homotopic to (m, n) n> a(mffin), and homotopy 
commutativity of M yields a homotopy from this map to (m,n) i-4 a(n © to). 
Applying commutativity of (33) again, (to, n) i— > a(n©m) is homotopic to (to, n) h-> 
a(n)da(m). □ 
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Consider the following diagram, where the maps are induced by those in Dia- 
grams (29), (30), and (32). The notation has been abbreviated, and in the top row 
[5™, X] x denotes the set of unbased homotopy classes of maps S m — > X landing in 
the component of x G X . 
(34) 

(p„). 



[S m ,R 



klipv: 




&BR 



k+l 



7r m hofib fc+ i 



k+l)co 




R k +iUi +1 



n m (i? fe+ i)/7r . 



VLBRi. 



7r m hofib!. 



k)oo 



(R k )/Ko 



Since the basepoint component of ttBX is a simple space for any X (Spanier [36, 
Theorem 7.3.9]), so are the basepoint components of the weakly equivalent spaces 
hofibfc = hofib(g(i?fe, ipk) and (Rk)oc = (-Rfe)oo(^fc) (and similarly with k replaced 
by k + l). For any space X such that the component of x G X is simple, the natural 
map ir m (X, x) — > [S m ,X] x is a bijection. Moreover, if (X, x) and (Y, y) are based 
spaces whose basepoint components are simple, and if /, g : X — > Y arc homotopic 
maps such that f(x) and g(x) are in the path component of y (for some x G X 
and some y G Y), then we have = g* both as maps [S m ,X] x -+ [S m ,Y) y and 
(consequently) as maps Tr m (X 1 x) —> Tr m (Y,y). The diagram above, then, may be 
thought of as induced by a commutative diagram of sets of the form [S m , — ]*. In 
particular, the basepoints for the homotopy groups appearing in the diagram can 
be taken to be any points in the components of the images of ip^ and V'l'+i- 

We need to prove the rectangle in the middle of Diagram (34) commutes. We 
know from the above discussion that the triangles on the left and right are commu- 
tative, and that 

(fn,k+l)* ° (Pn)* = (ik)* (fn,k)*- 

We claim that the outer circuit commutes, or in other words that 



k+l 



O (i n ,k+l)* ° (Pn)* = jk ° *fe ° (Vfc)* 



as maps 

TTm-Rfc — > n m (i? fe+ i)/7r = Tl m {R k+ i)/Gr(Tr (R k+ i)). 
Indeed, for any rj: (S m , 1) — > (Rk,ip k ) we have (using Remark 4.8) 

ffc+l o (i„,fe+l)* o ip n )*([v]) = [V® W] 

where r\ © (4>'k) n ^ s the map 

iv,c^' k )») e 
S m — > Rk x Rk — > Rk- 
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On the other hand, 

3k ° ° («n,fc)*M = W- 
By definition of the addition in n m (i?fc +1 ), 

[r?e«r] = W + [c W) „], 

which is equivalent to [77] = jk°^k {in,k)* [v] modulo Gr(7To(-Rfe+i))- Commutativity 
of the rectangle in the middle of Diagram (34) now follows (after a diagram chase) 
from the fact that for each class x £ m (Rk) 00 (ipk), there exists N ^ such that x 
is in the image of (i n ,k)* for n > N . 

Since Kepjj n (T) — > Repjy n+1 (r) is an inclusion of Hausdorff spaces and each 
map S m — > Rep (7 (r) lies in Hom(r, U(n)) C Rcp ;7 „(r) for some n, we have 



and similarly 



K%?>(T) = colimn ro Rep t/)ft (r)/Gr(7r Rep [/ifc (r)) 

k 



TTmflBKcpifT — colim7r m r2i?Rep ; j fc (r). 



Taking colimits as k — > 00 in the columns of (29) now yields isomorphisms 

7r„ l r!BRep c/ (r) A n m Rep £7 (r)/Gr(7r Rep £7 (r)) = A; r „ cp (r), 

as desired. 

To obtain isomorphisms between 



00 



n m K dcl (r) = n m nB ]J Hom(r, U{n)) hu{n) 

\n=0 ) 

and ^ 

- KU^(T) = KUZ P (T) © K~ m (*), 
it remains only to show that (for m > 0) 

(35) 7r m OB ( jjHom(T,U(n))hU( n ) J = tt^B ( fj Hom(r, [/(n)) ) ©i^-™(*). 

\n=0 / \n=0 / 

Consider the maps 



fiBRe P[/ (r) n J BRep(r) 7l£7 ft5Rep({l}) 



hU, 



where q is induced by the inclusion {1} ^ T and i is the inclusion of the fiber over 
the constant loop at the basepoint. Note that q is split by the map induced by the 
projection T — > {1}, so there is an induced splitting 

n m ClBRep(T) hu = ker(<7») © ir m nBRcp({l}) hu = kcr(q») © 7r m OB BU(n)J 

and by the Group Completion Theorem along with Bott periodicity, we have 

n m QB njBU(n) \ = n m {Z x BU) = R- m {*). 

Hence to complete the proof, it suffices to show that i* is injective with Im(i») = 
ker(g*). To this end, we again consider the filtration Rep [/ fe (r) of Rcp [/ (r). Since 
these submonoids are invariant under conjugation by the unitary groups, we have an 
associated filtration Hep k (T)hu of Rep(r)/ 1 [/, and by Ramras [30, Corollary 4.4], 
these submonoids are stably group-like with respect to the (anchored) elements 
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[ipk, *] (where * denotes the basepoint of £f7(dim(V>fc))). We can now consider the 
sequence 

(36) — > n m nBRe Pk (T) w m flBRep k (T) hu 7r m OSRep({l}) 7l£7 . 

The maps qk are split (just as with q), and hence it suffices to check that the se- 
quence (36) is exact for each k. This follows by considering the isomorphic sequence 
formed by the mapping telescopes associated to block sum with tpk (on Rcp fc (r)), 
[tpk,*] ( on R c Pfc(r)/iC/), an d [dim(V>fc)> *] (on Rcp k ({l})hu), and noting that each 
individual map 

Hom(r,J7(n)W(„) — > {*W(«) = BU(n) 
is a (split) fibration with fiber Hom(r, U{n)). This completes the proof of Theo- 
rem 4.15. □ 

Remark 4.19. Lawson [23] showed that the spectrum K (T) is stably equivalent 
to a commutative ring spectrum. Hence ir*K def (T) is a graded ring (in fact, a 
graded algebra over 7r*(ku), where ku is the connective K -theory spectrum). By 
Theorem 4-15, we can transport this structure to KUl cp (T). This raises two ques- 
tions. First, is there an explicit description of the multiplication on KUl° v in terms 
of tensor products? Lawson's ring structure is induced by tensor products, but the 
point-wise tensor product of an S n -family with an S m -family is an S n x S m -family, 
rather than an S n+m = S n A S m -family . More concretely, is the topological Atiyah- 
Segal map a homomorphism of 7r* (ku) -algebras ? 

We now give the example promised at the end of Section 4.3. 

Example 4.20. Consider the Klein bottle MP 2 #RP 2 . The K -theory of 

(KP 2 #MP 2 ) 3 = (MP 2 #PJP 2 ) x (EP 2 #MP 2 ) x (RP 2 #RP 2 ) 

may be calculated using the Kiinneth theorem [3] , and one finds that 

K° ((KP 2 #RP 2 ) 3 ) = Z 4 © (Z/2Z) 14 . 

On the other hand, 

KUq CP (tti(PJP 2 #MP 2 ) 3 ) = 7r ^ dcf (r) = Z © (Z/2Z) 7 . 

The first isomorphism is Theorem 4-. 15, and the second follows from the methods in 
Ramras [33, Section 6]. (In particular, this computation relies on Lawson's product 
formula [23], which is an analogue of the Kiinneth theorem for deformation K- 
theory.) These computations show there are 2-torsion classes in K° ((RP 2 #MP 2 ) 3 ) 
that are not in the image of . 

In general, if X is a finite CW complex and x £ K°(X) is torsion, then Cj(x) 
is torsion for each i > (this may be proven by induction on i, using the Whitney 
sum formula). Hence the image of «o does not consist simply of those classes 
whose Chern classes are torsion. In particular, there exist principal U(n)-bundles 
E -)• (PJP 2 #RP 2 ) 3 , with a{E) torsion for all i > 0, which do not admit a flat 
U [n) -connection. 

5. The space of flat connections 

In this section, we apply our results to study the homotopy type of the space 
of flat connections on a principal [/(n)-bundle over a compact, aspherical, smooth 
manifold. 
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5.1. Homotopy theoretical background. We now review some basic facts and 
definitions regarding homotopy pullbacks. While this material is essentially well- 
known (see, for instance [14] or [18]), we will be dealing with disconnected spaces, 
so some care with basepoints is needed. 

Definition 5.1. The homotopy pullback of a diagram 
is the space 

V = V(X -> Y <- Z) = {(x, 7 , z) G X x Y 1 x Z | 7 (0) = f{x), 7 (1) = g(z)}, 

topologized as a subspace of X x Y 1 x Z, where Y 1 = Map([0, 1], Y). Given a 
commutative square 

(37) 




there is a natural map W — > V . If this map is a weak equivalence (meaning that 
it induces an isomorphism on homotopy groups for all compatible choices of base- 
points), we call the diagram (37) homotopy cartesian. 

Definition 5.2. The homotopy fiber of a continuous map f: X — > Y at a point 
y G Y is the space 

ho&b y (f)=V{X ^Y^{y}). 
For any compatible choice of basepoints, there is a long exact sequence 

(38) > 7r*hofib J/ (/) — > ir*X — ► n*Y A 7r»_ihofib(/) —>•••. 

resulting from the fact that hofih y (/) is the fiber (over y) of the fibration 

p f = V(x -^yAyj^y 

associated to / (here pf is the projection to the last factor). 

We note that if Y is disconnected, then hoSb y (f) depends only on the inverse 
image, under /, of the path component [y] of Y containing y: 

(39) hofib 2/ (/)=hofib 2/ (/| / - 1(fo]) ). 

This will be relevant in our discussion of representation spaces, which are often 
disconnected. 

Proposition 5.3. The square (37) is homotopy cartesian if and only if the natural 
map hofib x (/i) — > hofibf m (<?) is a weak equivalence for each x G X . 

This may be proven by noting that there is a natural homeomorphism 

hofib( :C!7iZ )(W / -> V) = hofib ( ^-) (ho8b x (h) -> honb /(x )(p)) 

for each point (x, 7, z) G V. Here 7 denotes the path j(t) = 7(1 — t). 

The following standard fact follows from Hirschhorn [19, Theorems 13.1.11 and 
13.3.4]. 
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Proposition 5.4. A diagram of spaces 

X *Y ^ Z 

fan 

X' *- Y' -< Z' 

induces a map $ : V — > V' between the homotopy pullbacks of the rows, and if f, g, 
and h are weak equivalences, so is 

5.2. Maps between classifying spaces and flat connections. 

Consider a principal £/(n)-bundlc E M over a compact, connected, aspherical, 
smooth manifold M of dimension d, and fix bascpoints cq £ E and mo G M satisfy- 
ing 7r(eo) = mo- We will (implicitly) work with connections on E of Sobolcv class L\ 
for some fixed constants pel and k G N satisfying rnin(eJ/2, 4/3) < p < oo, k ^ 2, 
and kp > m. We will, similarly, work with the group of gauge transformations of 
E of Sobolev class L p k+l . With these assumptions, the based gauge group Go(E) 
acts continuously on the space Aaat(E) of flat unitary connections, with quotient 
homeomorphic to Hom(7TiM, U(ri)) (this uses the Strong Uhlcnbeck Compactness 
Theorem), and this quotient map may be identified with the holonomy map 

H: -Afiat — > Hom(7TiM, U(ri)), 

sending a flat connection A to the holonomy representation of A computed at 
Cq G E. A more detailed discussion of these points may be found in Ramras [31, 
Section 3] . 

We want to compute the homotopy fibers of the natural map 

(40) B = B T : Hom(r, BU{n)) — > Map^Br, BU(n)), 

where T = tti(M, mo) and B(p) = Bp is the map between (simplicial) classifying 
spaces induced by the homomorphism p. Choose inverse homotopy equivalences 
/: M —t BY and g: BT — > M satisfying /(mo) = * and g(*) = mo (where * G BY 
is the canonical basepoint) and choose 4>e- BT BU(n) such that g*(E) = 
r E {EU(n)), 

Theorem 5.5. In the situation described above, there is a weak equivalence 

hofib 0E (£O ~ Aflat (E). 

Proof. We will construct a commutative diagram of the form 

(41) A flat (£) T - ^M^ n \E,EU{n)) 

u i 
Hom B (r, U(n)) — ^ Mapf E (BT, BU{n)) | > Mapf (M, BU{n)). 

Here Mapf and Map^ E denote the path components of the based mapping spaces 
consisting of maps classifying the bundles E and g*E (respectively), and Map^*-™- 1 
is the space of based, t/(n)-equivariant maps. The subspace Hom E C Horn consists 
of those representations inducing bundles isomorphic to g*(E), i.e. Hom B is the 
inverse image of Mapf under /* o B. The map q sends an equivariant map E —> 
EU(n) to the induced map M — > BU(n). 
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We now define the map T. Given a flat connection A G Aaa.t{E), let pa = T~L(A) 
be the holonomy representation of A (computed at the basepoint eo G E). As 
explained in Section 3, if we choose a basepoint mo G M lying over mo G M, the 
bundle 

E pA (M)^M 

acquires a basepoint [fho,I n ] and admits a canonical flat connection A p whose 
holonomy, computed at [mo, In], is precisely p. In addition, there is a canonical 
isomorphism of principal [/(n)-bundles 

E^E PA (M) 

such that 4>a{^o) = [ TO o,^n] and (jf A (A p ) = A. 

The homomorphism pa '■ V — > U(n) induces a [/(n)-equivariant map 

E{p A ): ET — ► EU(n) 
between the simplicial models for these universal bundles, and E(pa) covers B(pa)- 
The homotopy equivalence /: M — > BT is covered by a based map /: M — > ET 
of principal T-bundles. We may now define a t/(n)-equivariant map 

E PA {M)HEU{n) 

by the formula 

M[m,X]) = E(p A )(f(m))-X. 
This is a map of principal J7(n)-bundles covering B(pa) ° /, and we define 

T(A) = ij) A o cf>A G Map^CE.tfl/fa)). 

Continuity of 

T: >taat(^0-^Map ff W(£?,^(n)) 
is checked just as in Ramras [33, Theorem 3.4], which treats the case of a trivial 
bundle E = M x U(n). 

Now consider the following commutative diagram: 



(42) Hom E (r,[/(n)) 



Mapf E (BT,BU(n)) 



id 



Hom B (r,C/(n)) 



f'oB 



id 



r 



Mapf (M,BU(n)) 



Id 



Mapf n >(£, £t/(n)). 



Hom B (r, [/(n)) 7 °^ Mapf (M, BU{n)) - 

The map z sends <j>E ° / to a map 4>e ° f ^ Mapf (E 1 , EU(n)) covering ^ o 
/: M — > BU(n); such a map exists because (by the Bundle Homotopy Theorem) 

(fa o f)*(EU(n)) = f*(r E (EU(n))) S /*(</*£) S £ 

By Gottlieb [15, Theorem 5.6], the space Mapf") (E 1 , EU(n)) is (weakly) con- 
tractible, so all vertical maps in Diagram (42) are weak equivalences and by Propo- 
sition 5.4, the induced maps between the homotopy pullbacks of the rows are weak 
equivalences as well. By (39), the homotopy pullback of the top row is precisely 
hofib^g (B), and the bottom row is the square (41) (minus its upper left corner). 
To complete the proof, then, it will suffice to show that (41) is homotopy cartesian. 
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The vertical maps in (41) are fibrations: for ~H, this follows from either Mitter- 
Viallet [27] or Fine-Kirk-Klausen [11], and for q, this is Gottlieb [15, Proposition 
5.3]. The induced map between the fibers of the vertical maps is the inclusion of 
the based Sobolev gauge group into the continuous gauge group. Since these spaces 
may be described as spaces of sections of the adjoint bundle E Xjj(n) U(n) Ad , this 
inclusion map is a weak equivalence by general approximation results for spaces of 
sections. By Proposition 5.3, we conclude that (41) is homotopy cartesian. (Note 
here that for fibrations, the inclusion of the fiber into the homotopy fiber is a 
homotopy equivalence. See, for instance, Hatcher [18, Proposition 4.65].) □ 

Remark 5.6. Theorem 5.5 implies that for any smooth principal U(n)-bundle E 
over an aspherical manifold M , the (weak) homotopy type of Afia,t(E) is independent 
of the choice of Sobolev constants made at the start of this section (subject to the 
conditions explained there). 

Corollary 5.7. Let M be a closed, smooth, aspherical manifold of dimension d, 
and let E —> M denote a smooth principal U(n) -bundle over M. Then for each 
A G Aa a t(E) an d f or each 0<m^2n— d— 1, we have 

oo 

Rank (^ m (.Aflat (£), A))) > m+2i+l 

Additionally, if 2n — d — 1 ^ and X)i=i Pii+ifi) > 0, then Afiat(E) has infinitely 
many path components. 

Proof. This follows from Theorem 4.13 together with the long-exact sequence in 
homotopy associated to the (homotopy) fiber sequence 

■Aflat(-E) — ► Hom^r, U(n)) A Mapf E (BT, BU(n)) 

established in Theorem 5.5. Note that for the statement regarding 7To(A{ia,t(E)), we 
use the fact that in a fibration sequence (F, f ) — > (E, f ) A (B, b ), if 9(7) = d(q) 
for some 7, 77 <G tti(B, bo), then 

7 - 1 ?? £lm(7r 1 (£,./o) ->7ri(B,6o)). 

□ 

Remark 5.8. If we choose a connection Aq G Aant(E), this gives rise to basepoints 
for all the spaces in Diagram (41)- In the long exact sequence in homotopy (with 
these chosen basepoints) 

(43) ► tt* .4fl at (£) ^ 7r*Hom(r, U(n)) A 7r*Map»(£r, BU{n)) 

7r*_i^4 flat (S) — > ■ ■ ■ 
resulting from Theorem 5.5, the boundary map d is the composition 

7r*Map* (BY, BU{n)) -A 7r*Map*(M, BU{n)) 

-%M & p^ n \E,EU(n))^^g (E) -A n^An^E), 



where d q is the boundary map for the fibration q in Diagram (41), i is the inclu- 
sion of the Sobolev gauge group into the continuous gauge group, and j: Qo(E) <—} 
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Ana,t(E) is the inclusion of the orbit of Aq. Hence the classes in 7r*Aflat(£0 de- 
scribed in Corollary 5. 7 are all in the image of 

K*Q {E) 7T* .A fla t 

Using ideas from this section, the long exact sequence (43) can be identified (after 
shifting dimensions) with the long exact sequence in homotopy for the fibration 

g (E) — > Afl at (E) A Hom(r, U(n)). 
In particular, the boundary map 

(44) tt* (Hom(r, U(n))) — > ^-iGaiE) 

for this fibration can be identified with the natural map 

: 7T*Hom(r, U(n)) — > ttM&P*(BT, BU(n)) 
via the isomorphisms 

n^ 1 g (E)^Tr^ 1 Map^ n) (E,U(n))^^Ma V f(M,BU(n)) 

A ?r*Mapf E {BT, BU(n)). 
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